We give the Fuchsian linear differential equation satisfied by χ (4) , the 'fourparticle' contribution to the susceptibility of the isotropic square lattice Ising model. This Fuchsian differential equation is deduced from a series expansion method introduced in two previous papers and is applied with some symmetries and tricks specific to χ (4) . The corresponding order ten linear differential operator exhibits a large set of factorization properties. Among these factorizations one is highly remarkable: it corresponds to the fact that the two-particle contribution χ (2) is actually a solution of this order ten linear differential operator. This result, together with a similar one for the order seven differential operator corresponding to the three-particle contribution, χ (3) , leads us to a conjecture on the structure of all the n-particle contributions χ (n) .
Introduction
The magnetic susceptibility of square lattice Ising model, can be written [1] as an infinite sum
of individual contributions, with the odd (respectively even) n corresponding to high (respectively low) temperature case. These individual contributions are (n − 1)-dimensional integrals [2] [3] [4] [5] [6] [7] , and are seen as successive n-particle contributions to the susceptibility [1] .
To get an understanding of the analytical structure of χ , two approaches are usually taken nowadays. One approach taking into account a fundamental nonlinear symmetry, namely nonlinear Painlevé difference equations [8] [9] [10] [11] [12] [13] . provides a series expansion for the whole susceptibility χ . With this method coefficients of χ were recently generated [8] .
The second approach considers the individual n-particle excitations as given by (n − 1)-dimensional integrals. Isotropic series coefficients are generated [6] [7] [8] . This latter method allows one to seek the differential equations satisfied by the χ (n) , since they are D-finite in contrast to the whole susceptibility χ for which there are strong indications that it has a natural boundary in the complex plane of the variable s = sh(2K), where K = J /kT is the usual Ising model coupling constant. This has been shown for the isotropic case [6] and for the anisotropic case [14] [15] [16] . Such a function cannot be D-finite.
The understanding of the magnetic susceptibility may then require knowledge of each (or some) of the individual contributions. This knowledge can be in the form of a closed expression, as is the case for χ (1) and χ (2) or in the form of a differential equation as found for χ (3) [17, 18] . The last case was far from being obvious and has required the building of an original method of expansion. The use of a remarkable formula allowed us to give the series expansion in the temperature variable (or a closely related variable) where the (n − 1)-dimensional integrals have been fully performed.
In this paper, we continue to use this expansion method to tackle the next individual contribution, namely, χ (4) . We should note that, although, the method is general and applicable for high or low temperature and for any n, some of the tricks and tools used may be specific for a given χ (n) . In section 2, we present the basic features of the expansion method that allow us to obtain the fully integrated χ (4) as four sums of products of four hypergeometric functions, without any numerical approximation. In section 3, we give the homogeneous Fuchsian linear differential equation satisfied by χ (4) . Section 4 contains some remarkable algebraic properties of this differential equation. Finally, section 5 contains our conclusions.
Fully integratedχ (4) expansion

The expansion method
Let us focus on the fourth contribution to the susceptibility χ defined by the triple integral as given in [7] χ (4) 
with R (4) = 1 +x 1x2x3x4 1 −x 1x2x3x4 (3)
Z n = exp(iφ n ), n = 1, . . . , 4 
Instead of the variable s, we found it more suitable to use w = 1 2 s/(1 + s 2 ) which has, by construction, Kramers-Wannier duality invariance (s ↔ 1/s) and thus allows us to deal with both limits (high and low temperature, small and large s) on an equal footing [17, 18] . It is also convenient to consider the scaled variables (1 − 2w cos φ n ) 2 − 4w 2 (8) which behave like 1 + O(w) at small w.
As performing the integrals in (2) is highly non-trivial, we apply the 'expansion method' previously described in [17, 18] , where the key ingredient was the Fourier expansion of yx n , a quantity appearing in any χ (p) . This remarkable formula, for yx n , that carries only one summation index reads 
with A(k, n) = A(−k, n) = w |k| a(|k| , n) (10) where a(k, n) is a non-terminating hypergeometric series that reads
where
The integrand ofχ (4) is expanded in the various variables x j , instead of the variable w. In this framework, with the help of the Fourier expansion (9), the angular integration becomes straightforward as was shown in [18] for theχ (3) case (see below for theχ (4) case). (4) With H (4) taken as in (4),χ (4) will be given by five summations on products of four hypergeometric functions. This is shown in appendix A. This route is feasible for any χ (n) and does not use any symmetry or tricks specific to the considered χ (n) . In the following, we use alternatively a simplified form of H (4) equivalent, for integration purposes, to (4) such thatχ (4) will be expressed by only four summations (i.e., one summation less compared to expression (A.30) given in appendix A). Let us just sketch the salient steps of this calculation. The details are left to appendices B, C and D.
Calculation ofχ
With the help of the key relation
the quantity H (4) becomes 4 :
Using the symmetry of the rest of the integrand in the angular variables, the quantity H (4) can be written (see appendix B) as
Taking expression (14) for H (4) , expanding the integrand in the x j variables, one notes that the integrand depends only on combinations of the form
which have simple integration rules (see appendix C) and, thus, the problem of angular integrations is settled. Finally, the expansion method described above, together with the form (14) of H (4) , allow us to obtainχ (4) (w) as a fully integrated expansion in the form (see appendix D)
where θ(x) is the step function defined as
and
with
Series generation
Note that the summand in equation (17) depends only on combinations of
which is the coefficient of w 2j in the expansion of d(n 1 , n 2 ; k). It is given by
where C a (n, k, i) is the coefficient of w 2i in the expansion of a(n, k) which reads
From our integrated form ofχ (4) , the generation of series coefficients becomes straightforward. Recall that (17) is already integrated, and, thus, the computing time to obtain the series coefficients comes from the evaluation of the sums. For the forms used, this time is of order N 7 . Improvements can be made by optimal data storage in order to avoid repeated summation evaluations. Actually, we have found it more efficient to store the coefficients C d .
We have been able to generate, from formal calculations, a long series of coefficients from expression (17) up to order 6 432:
Note that our formal calculation program has been rewritten by J Dethridge 7 into an optimized C++ program that can give the series in few hours using very little memory.
The Fuchsian differential equation satisfied byχ (4)
It is clear from expression (17) thatχ (4) is even 8 in w. We thus introduce, in the following, the variable x = 16w 2 . With our long series, and with a dedicated program, we have succeeded in obtaining the differential equation forχ (4) that is given by (with x = 16w 2 )
where P 10 (x), P 9 (x) . . . , P 1 (x) are polynomials of degree respectively 17, 19, 20, 21, 22, 23, 24, 23, 22 and 21 given 9 in appendix E. With (25) , the differential equation needs 242 unknowns to be found (counting the polynomial in front of the derivative of order 0, which is identically null). Our series expansion forχ (4) /16w 16 , having only 217 terms in the variable x = 16w 2 , is, thus, not long enough to let the differential equation be found. This calls for some comments.
The differential equation (24) is of minimal order. It is obvious that one can obtain other differential equations of greater order. As explained in [18] (see section 4), before the differential equation built from a series expansion pops out, the singularities computed as 6 More precisely we obtained this series up to order 368 with a 2 Giga-memory computer, up to order 390 with a 3 Giga-memory computer, and up to order 432 with a 8 Giga-memory computer of the stix laboratory at the Ecole Polytechnique (medicis platform for formal calculations). 7 Private communication. 8 This is also the case for anyχ (2n) (see for instance [7] ). 9 We thank one of the referees, as well as A J Guttmann and I Jensen, for detecting the possible existence of a misprint respectively in the submitted version of the paper and in the file released in the electronic arXiv (a minus sign misprint in the last coefficient of polynomial P 3 ). 
where only the physical singularities are explicitly included. Note that the other (non-apparent) singularity can also be included. If the differential equation can be identified with the number of series coefficients at hand, the unnecessary terms will factor out. A compromise has to be found with respect to how long the series is. Now, there are many ways to choose the degrees of the polynomials R i (x). We have taken
in order to have the point at infinity as a regular singular point 10 . If the differential equation of order q and degree µ exists, the series ofχ (4) /16w 16 should have at least N terms, with:
Staying below the above hyperbola, we have obtained, at q = 11 and µ = 9 which requires 185 terms in the series, two linearly independent differential equations that satisfy the remaining 30 terms of the series. The combination of these two differential equations gives (24) which has been checked to be of minimal order. Note the fact that besides the Fuchsian differential equation of minimal order with an apparent polynomial, there are other differential equations of higher order that require less terms in the series to be identified. We plan to report on this feature elsewhere. The singularities of this differential equation x = 0, 1, 4 and x = ∞ are all regular singular points. The roots of the polynomial P 10 (x) are apparent singularities. One notes, in contrast, to χ (3) that no new singularity is found besides the known physical and non physical singularities (i.e., Nickel's [6, 7] ). The critical exponents of all these singular points are given in table 1 with the maximum power of logarithmic terms in the solutions. As was the case for χ (3) , these logarithmic terms appear due to the multiple roots of the indicial equation. A noteworthy remark is the occurrence of logarithmic terms up to the power 3 for χ (4) to be compared with the power 2 for χ (3) at the singular points w = ±1/4 and w = ∞. It is worth recalling the Fuchsian-relation on Fuchsian type equations. Denoting by x 1 , x 2 , . . . , x m , x m+1 = ∞, the regular singular points of a Fuchsian-type equation of order q and ρ j,1 , . . . , ρ j,q (j = 1, . . . , m + 1) the q roots of the indicial equation [28, 29] corresponding to each regular singular point w j , the following Fuchsian relation [28, 29] holds:
The number of regular singular points here is m + 1 = 21 corresponding respectively to the 17 roots of P 10 , the x = 0, 1, 4, regular singular points and the point at infinity x = ∞. The Fuchsian relation (29) is actually satisfied here with q = 10, m = 20. Considering the Fuchsian relation (29) , but now in the variable s, one first remarks that the ρ j,k exponents are the same as those in the x variable for the 68 roots of the apparent polynomial, as well as for the four x = 4 singularities (namely s = ± 1 2
), but are multiplied by a factor two for all the other ones. This is obvious from the definition of
2 at x = 0 and x = ∞, and this can be seen for x = 1 from
The Fuchsian relation is actually satisfied in the s variable, but now, with q = 10, m = 77. The singular behaviours of the solutions of the differential equation can be read easily from table 1. Near x = 4, they are t 13/2 , where
and t log(t), where t = 1 − x. Let us note that these behaviours are for the general solution of the differential equation (24) .
As far as the physical solution is concerned, the dominant singular behaviours at x = 4 (namely t 13/2 ) and x = ∞ (namely t −1/2 log(t)) are present in the physical solutionχ (4) confirming [7, 8] . At the ferromagnetic point (x = 1 which also corresponds to the antiferromagnetic point for χ (4) ), with the dominant behaviour t −3/2 , the growth of the coefficients would be (3/2) 
Since this is not the case, the coefficients of the series, for large values of N, behaving like C N ∼ 0.2544 × 10 −4 , this t −3/2 singular behaviour will not contribute to the physical solution. Only the subdominant singular behaviours will be present. We will return to these points in a forthcoming publication that will give the amplitudes of the dominant and subdominant singular behaviours contributing in the physical solutionχ (4) near each singular point of the differential equation.
Properties of the Fuchsian differential equation (24)
From table 1, and from the formal solutions around the singular points, it is easy to find the following simple solutions of (24):
These solutions correspond to solutions of some differential operators of order one. Let us call these order one differential operators respectively L 0 , L 1 and L 2 . A remarkable finding is the following solution of the Fuchsian differential equation (24) :
which is nothing but the two-particle contribution to the magnetic susceptibility, i.e.,χ (2) associated with an operator of order two, N 0 (N 0 (S 3 ) = 0). We will come back to this point later.
The second solution of the order-two operator N 0 is given in terms of the MeijerG function [19] :S
which can also be written as
With these five solutions corresponding to three differential operators of order one, and one differential operator of order two, it is easy to construct 24 factorizations of L 10 , the differential operator corresponding to the Fuchsian differential equation (24), which can be written 11 as 
This large number of factorizations [22, 31, 21] induces the occurrence of intertwiners 13 . In the examples above, one has N 4 · L 12 = L 13 · N 6 . Seeking a similar relation for L 24 · N 4 , one finds N 9 · L 25 . This last factorization introduces six factorizations that we denote as
G(L) is a notation for an operator of order four, factorizable as four operators of order one.
This differential operator G(L) that factorizes L 10 at right, obviously has S 0 , S 1 and S 2 as solutions. The fourth solution (of the order four differential operator G(L)) can be obtained by order reduction. It reads
To get more factorizations, we need to obtain simple solutions of L * 10 , the adjoint of the differential operator L 10 . There is no solution of L * 10 corresponding to an order-one operator, however, we have been able to find a solution corresponding to an operator of order two (denoted N * 8 ). This solution 14 of N * 8 is a combination of elliptic integrals with polynomials of quite large degrees and reads
and 
This order 2 operator N 8 completes the factorization scheme of L 10 , the differential operator of order ten. Let us recap the factorizations
G(L) is a differential operator of order four, factorizable in order one operators. It has six different factorizations involving 13 differential operators of order one. G(N ) is an operator of order five, factorizable in one operator of order two and three operators of order one. G(N ) has 24 different factorizations involving eight differential operators of order two, and 24 order one operators with 12 appearing in G(L).
All these 36 factorizations (49) are given in appendix F. Appendix F shows that these 36 factorizations can be considered as only one factorization up to a set of equivalence symmetries [20] [21] [22] [23] [24] [25] [26] .
From the ten solutions of the differential equation (24), six solutions are given explicitly, S 0 , S 1 , S 2 , S 4 (this last being a solution of an order four operator) and two solutions (S 3 ,S 3 ) corresponding to the differential equation ofχ (2) . The remaining four solutions are those of the operator of order eight, M 2 · G(L).
From the 36 factorizations shown in appendix F, those six of the form N 8 · M 2 · G(L) are of the most importance. Their occurrence allows us to get the contribution α ofχ (2) in the physical solutionχ (4) (2) ) = 0. This contribution is obtained easily and givesχ
where 4 is solution of the order eight differential operator
Recall that the same situation occurred for the differential equation of order seven forχ (3) . One can see that the rational solution w/(1 − 4w) occurring 15 in the differential equation of order seven forχ (3) is nothing butχ (1) . With this remark we can rewrite a decomposition of χ (3) we gave in [17, 18] as follows:
where 3 is solution of the order six differential operator (noted L 6 in [17, 18] ).
Comments and speculations
Denoting L 4 the order ten differential operator associated with the ordinary differential equation satisfied byχ (4) , and more generally, L n the differential operators associated with the ordinary differential equation satisfied byχ (n) , one has
Furthermore, one can see that the rational solution w/(1 − 4w), occurring in the differential equation of order seven forχ (3) , is nothing butχ (1) and thus one has
Both relations come from the factorizations of the differential operators corresponding toχ (3) andχ (4) . At this point, it is tempting to make some conjectures generalizing relations (52), (53) and relations (50), (51).
From (52) and (53) the conjecture is
meaning that the differential operator of χ (1) (respectively χ (2) ) right divides the differential operator corresponding to χ (2n+1) (respectively χ (2n) ). One stronger conjecture is to expect the same situation as in (50), (51) occurring in the higher particle contributions, i.e.,
where 2n (respectively 2n+1 ) is the solution of a differential operator that right divides the differential operator L 2n (respectively L 2n+1 ) and is not divisible by the differential operator L 2 (respectively L 1 ). In this situation, it is easy to obtain the numbers α n which give the contribution ofχ (1) andχ (2) in the higherχ (n) as explained forχ (4) (see text before (50)). Let us note that both conjectures are free from any constraint due to the singularities that occur in the differential equations, since anyχ (2n+1) (respectivelyχ (2n) ) has the singularities occurring inχ (1) (respectivelyχ (2) ). A much stronger conjecture is to expect any χ (m) to be 'embedded' in any χ (n) where m divides n with same odd-even parity.
This means that L n might be built from the least common left multiple (lclm) of the differential operators associated with the L m where m divides the integer n respecting even-odd parity. The fact that n should be multiple of m is due to the non-physical singularities appearing in the differential equations. For instance, no 'embedding' like χ (3) being solution of the differential equations of χ (5) has to be expected. Whether χ (3) is a solution of the differential equation satisfied by, e.g., χ (9) is not ruled out, the (non-apparent) singularities of the first being (non-apparent) singularities of the last. But, then, the new singularities discovered [17] for χ (3) have to occur in the differential equation of χ (9) . Similarly one can expect, with this last conjecture, the fol lowing relations for L 12 and L 15 (associated withχ (12) andχ (15) ):
and thus
For instance, finding the differential operator satisfied byχ (15) would enable us to see if the differential operator L 15 actually has some relation with the least common left multiple of L 1 , L 3 and L 5 .
Conclusion
Considering the isotropic Ising square lattice model susceptibility, we extended our 'expansion method' (that allowed us to find the differential equation satisfied by χ (3) ), to the four-particle contribution to the susceptibility, namely χ (4) . We first obtained χ (4) as a fully integrated multisum on products of four hypergeometric functions, and obtained a long series for χ (4) . From this long series, we gave the Fuchsian differential equation of order ten satisfied by χ (4) . This differential equation has a rich structure in terms of factorizations.
We have given in closed form six, of the ten solutions of the differential equation (24), namely, S 0 , S 1 , S 2 , S 4 , S 3 andS 3 . The remaining four solutions are those of an operator of order eight.
One of these solutions is highly remarkable: it is actually the two-particle contribution χ (2) . A similar situation also occurred for the differential equation of the three particle contribution χ (3) , which actually had χ (1) as solution. In general, for all theχ (n) , it is tempting to expectχ (1) to be a solution of the differential equation satisfied by theχ (2n+1) andχ (2) to be a solution of the differential equation satisfied by theχ (2n) . Beyond, one can contemplate much stronger conjectures corresponding to further 'embedding', namelyχ (m) being solution of the differential equation ofχ (n) , when n is a multiple of m, n and m having the same parity.
A confirmation of these various embeddings and conjectures is crucial because it corresponds to a global structure of theχ (n) and thus of χ itself. We will investigate this feature in a future publication.
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Appendix A
In this appendix, we show that, with H (4) taken as in (4), i.e., not the alternative simplified form we use in this paper, our expansion method applied toχ (4) produces five summations on products of four hypergeometric functions. Note that this method is applicable to any χ (n) . Let us write the product R (4) · H (4) as
By standard expansion of the quantity T (4) , defined by (A.2), in the variablesx i , one obtains where θ(x) is the step function given in (18) . Defining 
(n 1 − n 2 + n 3 − n 4 ) (A.8)
All these indices should be integers, inducing constraints on the n i and limitations on the summations of the remaining indices (i.e., p, i 1 , i 2 ). With this change of summation indices, T (4) becomes
and, since T (4) is completely symmetric in the variablesx i , the coefficient C(n 1 , n 2 , n 3 , n 4 ) is completely symmetric in the n i indices and is given by summation on the remaining indices p, i 1 and i 2 :
where theta functions (18) (1 + (−1) n ) (A.12) comes from the fact that i 3 , i 4 , i 5 , i 6 are integers, due to the right most terms at right-hand side of (A.7)-(A.9), the n i should verify n 1 + n 2 + n 3 + n 4 = eveninteger. The argument in the last theta in (A.11) comes from (A.7). Let us define the index q and its upper limit of summation (see (A.6), (A.7)):
Furthermore, the coefficient C(n 1 , n 2 , n 3 , n 4 ) being symmetric in all its arguments, it is sufficient to compute it in the case where
The coefficient C(n 1 , n 2 , n 3 , n 4 ) now becomes
where the indices i 3 , i 4 , i 5 , i 6 are given by (A.6)-(A.9) and i 2 = q − p − i 1 . The three summations can be performed and one obtains
with the polynomial Q(n 1 , n 2 , n 3 , n 4 , q 0 ) given by From the definition ofχ (4) in (2), and from (A.1), (A.10), one gets
The expansion method on the variables x i introduces some summations free of any angular dependence. These summations appear in the coefficient C(n 1 , n 2 , n 3 , n 4 ) which is a kind of 'geometrical factor' that appears for all the χ (n) with n 4. At this step the integrations have not yet been performed. They are contained in (4) . (A.24)
Due to its structure, it is obvious that M(n 1 , n 2 , n 3 , n 4 ) is completely symmetric in the indices n i . We write M(n 1 , n 2 , n 3 , n 4 ) as an integral over the four angles (φ 1 , φ 2 , φ 3 , φ 4 ) , by introducing Dirac delta function δ(φ 1 + φ 2 + φ 3 + φ 4 ) as a Fourier expansion that reads
where 
The Fourier expansion (9) implies the following integration rule:
The calculation of (A.27) thus becomes straightforward and does not induce any summation. The quantity M(n 1 , n 2 , n 3 , n 4 ; k) comes out as a huge expression with 201 terms, each of them being a product of four hypergeometric functions. Due to definition (A.26) where k runs from −∞ to ∞, and to the symmetry of (A.26) under the permutation of the n i , these 201 terms reduce to only 16 terms and M(n 1 , n 2 , n 3 , n 4 ; k) reads
which is equal to (A.27) for summation purposes. Finally, collecting (A.23), (A.26),χ (4) can be written as
Appendix B
In this appendix, we give the explicit derivation of expression (14) given in section 2.
Considering H (4) as in (13), we define the following relations:
12-34 is given in (15) . Using the constraint (6), P (Z)
12-34 reads P (Z)
(B.4)
Note that, while H (4) and R (4) are completely symmetric under the permutation of the angles φ i , the right-hand side of (B.1), (B.2) are anti-symmetric under the same transformation.
From (13), (B.1), (B.2) and using the symmetry of the rest of the integrand (namely R (4) times the product over y i variables), we can write H (4) as
We obtain H (4) , given in (14), from (B.5) with the first term at the right-hand side of (B.3). Again using the property of complete symmetry of the integrand, that part of (B.5) with the second term at the right-hand side of (B.3) can be written as
and is identically null.
Appendix C
In this appendix, we give the explicit integration rules corresponding to the form (16) given in the main text. For this purpose, let us consider J (n 1 , n 2 , n 3 , n 4 ) = where A (4) is given in (B.4). Expression J (n 1 , n 2 , n 3 , n 4 ) has the following properties:
where the last identity comes from the fact that
Changing the integration variables from (φ 1 , φ 2 , φ 3 ) to (φ = φ 1 + φ 2 , φ 2 , φ 3 ), A (4) , defined in (B.4), becomes
with Z = Z 1 Z 2 . Taking A (4) in the form (C.4), expanding y 1 x n 1 1 and y 4 x n 4 4 , and using the Fourier expansion (9), the integration over φ 2 and φ 3 is straightforward 16 . Some standard manipulations give
From the definition (10) of A(n, k), one can easily show that
With this property (C.7), and after some manipulations, J (n 1 , n 2 , n 3 , n 4 ) reads
which, by expansion in powers of Z and integration, simply reads
Finally, taking the form (C.8), together with (C.10), and using the definition (10) of A(n, k), we obtain
where d(n 1 , n 2 ; k) is defined in (20) . 16 see the integration rule (A.28).
Appendix D
In this appendix, we give all the necessary details of the derivation of the result (17) given in the text. We considerχ (4) in the form (2), with H (4) given in (14) . The first step is to consider the expansion of the product R (4) 
12-34 . Let us give the expansions, in the x i variables, for the first two terms in the brackets in (15):
12-34 can be expanded as
Consideringχ (4) in the form (2), with H (4) given by (14) , taking the expansion of R (4) · P 
where V (m, k, n, j) is defined in (19) , with the constraints:
The last simplification comes from the following identity on V (m, k, n, j):
which is obtained with the help of the symmetry of a(n, k), namely a(n, k) = a(k, n). Finally, using the general identity
and identity (D.12), expression (D.11) forχ (4) can, after some manipulation, be written in the form (17) 
All these 36 factorizations can be seen as the consequence of 'transmutations' like (F.1), where one differential operator becomes an equivalent one, thus yielding some elementary permutation of the operator. For instance, the two differential operators of order four, namely M 1 and M 2 , are equivalent, their 'intertwiners' being two order two differential operators N 8 and N 9 :
(F.10)
Actually, one sees clearly that the two first factorizations in (F.4) are just deduced from one another by (F.10). Nine order-two differential operators N 0 , . . . , N 8 can be seen to be related by various equivalence relations requiring the introduction of 26 differential operators L i of order one (the intertwiners):
(F.11)
The 26 order-one differential operators L i can also be seen to be related by various equivalence relations. The L i being order one differential operators, their intertwiners (R and S in (F.1)) should be order zero differential operators, that is some function f i,j . As a consequence of the normalization to +1 of the highest order derivative (here d/dx), the two intertwiners R and S in (F.1) are identical and one thus gets relations like:
(F.12)
Furthermore one also verifies the following relations between the order one operators L i :
It is straightforward to see that a relation like L i · L j = L k · L m yields relations like:
The number of intertwiners f i,j between the operators of order one in (F.12), is at first sight 325, but due to the above identities only 15 are independent.
